Abstract
Introduction
The open neighbourhood N(v) of We note that the integer-valued (M)PFs are precisely the characteristic functions of (maximal) 2-packings which are defined by Meir and Moon [12] to be (maximal) subsets X of V such that d(x, y) ~> 3 for all x, y e X. In view of this, it might have been better to use notations 2PF, M2PF for the above terms, but for simplicity we did not do so.
If f, g are PFs it is easy to show that for each 2e(0, 1), the convex combination hA = 2f+ (1 --2)g is also a PF. However if f, g are MPFs, hA is not necessarily maximal (see example in Section 2).
In this work we consider the existence of a universal MPF in a graph, i.e. an MPF fsuch that for every MPF g,h~ is in fact maximal.
Analogous questions have been considered for minimal dominating and total dominating functions [2] [3] [4] [5] 7] . Parameters (also called fractional parameters) defined on various graphical functions have been studied by many authors recently [1, 6, [8] [9] [10] [11] 13 ].
Basic results on MPFs
We abbreviate Y~u~Ntv3f(u) tof 
Then f, is a PF of G which may be increased (if necessary) to an MPFf*. Since v e BI~,
f*(v) = ~.
It is also easy to see that every graph G has an MPF that is positive on every vertex By P6, ha is not maximal.
Universal MPFs
By P6, the MPF g is universal if and only if for al MPFs f, Bf~B e ~>-V. The next result is an immediate corollary and may be used to exhibit universal MPFs in various classes of graphs.
P7. If G has an MPF g with B o = V, then g is universal. We call MPFs g for which B o = V, efficient packing functions (EPFs). Graphs with
EPFs have been called "fractionally efficiently dominatable" [8] and include graphs with dominating sets whose characteristic functions have boundary V. In particular, graphs with domination number 1, regular graphs and complete multipartite graphs have EPFs and hence have universal MPFs (see [4] ). Further, let G be a bi-regular graph, i.e. a bipartite graph with bipartition P, Q and deg v = p (q) for v E P (Q).
Define g by
Then g satisfies Bg = V and is a universal MPF. The condition of P7 is not necessary for an MPF 9 to be universal. Using P2, we obtain P8. If the MPF g satisfies V -(Ow Y) ~_ Bo, then g is universal.
This property may be used to show the existence of universal MPFs in more classes of graphs. Let ff be the class of graphs all of whose blocks are complete graphs. The next result and P8 show that each G e ff has a universal MPF.
Proposition 2. Each G ~ ff has a 0-1 MPF 9 with V -0 ~_ B o.
Proof. We use induction on n, the number of vertices of G. The result is trivial for any G e ff with exactly one block. So assume the result is true for any graph in ff with n vertices and let Geff have n + 1 vertices and at least two blocks. We observe f2 = V -C, where C is the set of cut-vertices of G. Let x be a vertex of f2 in an end block and y be the unique cut-vertex adjacent to x. Then by the induction hypothesis, G -x has a 0-1 MPF h satisfying V -O~-x ~ Bh. Define the function g by and a(u) = h(u) (u # x)
The function 9 is a 0-1 MPF of G with Bg _~ V-f2 [] It now follows from P8 and Proposition 2 that each G ~ ff has a 0-1 universal MPF; in particular, every tree has a 0-1 universal MPF.
We end this section with an example of a graph H (depicted in Fig. 1 ) having a universal MPF but no 0-1 universal MPF. In fact, H has precisely one universal MPF. Table 1 
Moreover,

< g(u) + g(p(u)) <~ 1 -(g(v,)) + g(p(Vk)) + g(Vk) = I --g(p(vk))
= l -g(vj) < 1, and the assertion is established. 
Packing functions and orbits
So far we have only encountered graphs which have universal MPFs. In order to find examples without such functions, it will be necessary to define an additional concept. A CO-PF is a packing function of a graph which is constant on each orbit of the automorphism group of G. Let A1 .... ,Ak be the orbits of the automorphism group of G.
Proposition 5. Let fbe a PF of G. Then G has a CO-PF h with the following properties:
(i) If x ~ Ai, then 1 h(x) =-~[ ~ f(u), i= 1 ..... k. uff Ai (ii) Bht%Ai={~i ifBf~Ai=A, if Bfc~Ai :/: Ai, i = 1, ..., k. (iii)
If.I" is an EPF, then h is a CO-EPF.
(iv)
If f is a universal MPF, then h is a universal CO-MPF.
Proof. Let the automorphisms of G be q~l .... , ~bp and let f be a PF (respectively EPF). For eachj = 1, ..., p, a simple calculation shows that the functionJ~ defined by fj(x) =f(q~j(x)) for x ~ V is a PF (respectively EPF). The function h = (1/p)~f= 1J~ is also a PF (respectively EPF) by linearity. Let x ~ Ai. For any u e Ai the number 2 of automorphisms taking x into u, is the same ({q~jl qSj(x) = u} is a coset of subgroup {qSj[c~j(x) = x} in aut G). Hence
Therefore h is a CO-PF and (i) and ( 
